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Abstrat
We introdue the notion of Poisson quasi-Nijenhuis manifolds generalizing the Poisson-
Nijenhuis manifolds of Magri-Morosi. We also investigate the integration problem of
Poisson quasi-Nijenhuis manifolds. In partiular, we prove that, under some topologi-
al assumption, Poisson (quasi)-Nijenhuis manifolds are in one-one orrespondene with
sympleti (quasi)-Nijenhuis groupoids. As an appliation, we study generalized omplex
strutures in terms of Poisson quasi-Nijenhuis manifolds. We prove that a generalized
omplex manifold orresponds to a speial lass of Poisson quasi-Nijenhuis strutures. As
a onsequene, we show that a generalized omplex struture integrates to a sympleti
quasi-Nijenhuis groupoid reovering a theorem of Craini.
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1 Introdution
Poisson Nijenhuis strutures were introdued by Magri and Morosi [16, 18℄ in their study
of bi-Hamiltonian systems, and intensively studied by many authors [12, 21℄. Reall that a
Poisson Nijenhuis manifold onsists of a triple (M,pi,N), where M is a manifold endowed
with a Poisson bivetor eld pi, and a (1, 1)-tensor N whose Nijenhuis torsion vanishes, i.e.
[NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ]) = 0, ∀X,Y ∈ X(M),
together with some ompatibility ondition between pi and N . Poisson Nijenhuis strutures are
very important in the study of integrable systems sine they produe bi-Hamiltonian systems
[16, 12℄.
As observed by Kosmann-Shwarzbah [11℄, given a Poisson Nijenhuis manifold (M,pi,N),
((T ∗M)π, (TM)N ) onstitutes a Lie bialgebroid, where (T
∗M)π is equipped with the standard
otangent Lie algebroid struture indued by the Poisson tensor pi while (TM)N is the de-
formed Lie algebroid on TM indued by the Nijenhuis endomorphism N . Indeed it is proved
in [11℄ that the Lie bialgebroid ondition on ((T ∗M)π, (TM)N ) is equivalent to the triple
(M,pi,N) being Poisson Nijenhuis.
The main goal of the present paper is to introdue the notion of Poisson quasi-Nijenhuis
strutures. By denition, a Poisson quasi-Nijenhuis manifold is a quadruple (M,pi,N, φ), where
M is manifold endowed with a Poisson bivetor eld pi, a (1, 1)-tensor N and a losed 3-form
φ suh that pi and N are ompatible (in the usual Poisson-Nijenhuis sense) and
[NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ]) = pi♯(iX∧Y φ), ∀X,Y ∈ X(M).
Reall that Lie bialgebroids are pairs of transverse Dira strutures in a Courant algebroid [13℄.
When one of the two maximal isotropi diret summands fails to be Courant involutive, this
beomes a quasi-Lie bialgebroid [20, 19℄. Alternatively, a quasi-Lie bialgebroid is equivalent to
the following data: a Lie algebroid A together with a degree 1 derivation δ of the assoiated
Gerstenhaber algebra
(
Γ(∧•A),∧, [·, ·]
)
suh that δ2 = [φ, ·] and δφ = 0 for some φ ∈ Γ(∧3A)
[9℄. We prove
Theorem A. Given (M,pi,N, φ), the following are equivalent
• (M,pi,N, φ) is a Poisson quasi-Nijenhuis manifold;
•
(
(T ∗M)π, (TM)N , φ
)
is a quasi-Lie bialgebroid.
It is well known that the global objet orresponding to a Poisson manifold is a sympleti
groupoid [2, 22℄. It is natural to ask what is the global objet integrating a Poisson Nijenhuis
manifold. We prove
Theorem B. The base manifold of a sympleti Nijenhuis groupoid is a Poisson Nijenhuis
manifold. Moreover, there is a one-one orrespondene between t-onneted and t-simply on-
neted sympleti Nijenhuis groupoids (Γ⇒M, ω˜, N˜) and integrable Poisson Nijenhuis mani-
folds (M,pi,N).
By a sympleti Nijenhuis groupoid, we mean a sympleti groupoid (Γ ⇒ M, ω˜) equipped
with a multipliative (1, 1)-tensor N˜ : TΓ→ TΓ suh that (Γ, ω˜, N˜ ) is a sympleti Nijenhuis
struture. The main idea of the proof of Theorem B an be outlined as follows. One proves
that Poisson Nijenhuis strutures on a manifold M are in one-one orrespondene with Lie
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bialgebroids ((T ∗M)π, δ) satisfying the ondition that [δ, d] = 0, where d is the de Rham
dierential on M . The latter are the innitesimal of sympleti Nijenhuis groupoids, as an
be shown using the universal lifting theorem [9℄.
The same method an be used to prove an analogous result for Poisson quasi-Nijenhuis man-
ifolds.
Theorem C. The base manifold of a sympleti quasi-Nijenhuis groupoid is a Poisson quasi-
Nijenhuis manifold. Moreover there is a one-one orrespondene between t-onneted and t-
simply onneted sympleti quasi-Nijenhuis groupoids
(
Γ⇒M, ω˜, N˜ , t∗φ−s∗φ
)
and integrable
Poisson quasi-Nijenhuis manifolds (M,pi,N, φ).
A sympleti quasi-Nijenhuis groupoid is a sympleti groupoid (Γ ⇒ M, ω˜) equipped with
a multipliative (1, 1)-tensor N˜ : TΓ → TΓ and a losed 3-form φ ∈ Ω3(M) suh that(
Γ, ω˜, N˜ , t∗φ− s∗φ
)
is a sympleti quasi-Nijenhuis struture.
As an appliation, we study generalized omplex strutures in terms of Poisson quasi-Nijenhuis
strutures. The notion of generalized omplex strutures was introdued by Hithin [8℄ and
studied by Gualtieri [7℄ motivated by the study of mirror symmetry. It omprises both symple-
ti and omplex strutures as extreme ases. We show that on a generalized omplex manifold
(M,J), where
J =
(
N pi♯
σ♭ −N
∗
)
with N2 + pi♯σ♭ = − id, the building units pi, N and σ of J do exatly determine a Poisson
quasi-Nijenhuis struture. Indeed, the endomorphism N an be used to dene a derivation dN
of the Gerstenhaber algebra assoiated to the Lie algebroid (T ∗M)π. We prove
Theorem D. The following are equivalent
• J is a generalized omplex struture;
• (M,pi,N, dσ) is a Poisson quasi-Nijenhuis struture suh that
(TM)N ⊕ (T
∗M)π
J
−→ TM ⊕ T ∗M
is a Courant algebroid isomorphism.
A similar result (in a dierent form) was already proved by Craini using a diret argument
[4℄.
Sine a generalized omplex struture orresponds to a quasi-Nijenhuis manifold aording to
Theorem D, as a onsequene, we prove
Theorem E. Let J be a generalized omplex struture as given by Eq. (18), and (Γ⇒M, ω˜)
a t-onneted and t-simply onneted sympleti groupoid integrating (T ∗M)π. Then there is
a multipliative (1, 1)-tensor N˜ on Γ suh that
(
Γ ⇒ M, ω˜, N˜ , t∗dσ − s∗dσ
)
is a sympleti
quasi-Nijenhuis groupoid.
This result, in a disguised form, was also proved by Craini [4℄ using a dierent method.
3
Notations We denote the braket on the setions of a Courant algebroid by J·, ·K, exept
for the standard Courant braket on TM ⊕ T ∗M , whih is denoted by L·, ·M. The Lie braket
of vetor elds and its extension to polyvetor elds (i.e. the Shouten braket) are denoted
by [·, ·]. Any bundle map B : T ∗M → TM indues a braket on the spae of 1-forms (see
Eq. (8)). It is denoted by [·, ·]B as well as its extension to the spae of dierential forms of all
degrees. Finally, if J·, ·K is a braket on the spae of setions of a vetor bundle E of whih J
is a bundle endomorphism, then its deformation by J is denoted by J·, ·KJ (see Eq. (19)).
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2 Preliminaries
Denition 2.1 ([13℄). A Courant algebroid is a triple onsisting of
• a vetor bundle E →M equipped with a non degenerate symmetri bilinear form 〈·, ·〉,
• a skew-symmetri braket J·, ·K on Γ(E), and
• a smooth bundle map E
ρ
−→ M alled the anhor, whih indues a natural dierential
operator D : C∞(M)→ Γ(E) dened by
〈Df,A〉 = 12ρ(A)f
for all f ∈ C∞(M) and A ∈ Γ(E).
These strutures must be ompatible in the following sense: ∀A,B,C ∈ Γ(E) and ∀f, g ∈
C∞(M),
• ρ(JA,BK) = [ρ(A), ρ(B)],
• JJA,BK, CK + JJB,CK, AK + JJC,AK, BK = 13D
(
〈JA,BK, C〉+ 〈JB,CK, A〉+ 〈JC,AK, B〉
)
,
• JA, fBK = fJA,BK +
(
ρ(A)f
)
B − 〈A,B〉Df ,
• ρ◦D = 0, i.e. 〈Df,Dg〉 = 0,
• ρ(A)〈B,C〉 = 〈JA,BK +D〈A,B〉, C〉+ 〈B, JA,CK +D〈A,C〉〉.
Note that a Courant algebroid is not a Lie algebroid as the Jaobi identity is not satised.
Example 2.2 ([3℄). The generalized tangent bundle TM⊕T ∗M of a manifoldM is a Courant
algebroid, where the anhor is the projetion onto the rst omponent and the pairing and
braket are given, respetively, by
〈X + ξ, Y + η〉 = 12
(
ξ(Y ) + η(X)
)
, (1)
LX + ξ, Y + ηM = [X,Y ] + LXη − LY ξ +
1
2
(
ξ(Y )− η(X)
)
, (2)
∀X,Y ∈ X(M), ∀ξ, η ∈ Ω1(M).
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Denition 2.3. A Dira struture is a smooth subbundle L of a Courant algebroid E, whih
is maximal isotropi with respet to 〈·, ·〉 and whose spae of setions Γ(L) is losed under
J·, ·K. It is thus naturally a Lie algebroid.
It is well-known [23℄ that a Lie algebroid (A, [·, ·]A, ρA) gives rise to a Gerstenhaber al-
gebra (Γ(∧•A),∧, [·, ·]A), and a degree 1 derivation δA of the graded ommutative algebra
(Γ(∧•A∗),∧) suh that (δA)
2 = 0. Here δA is given by
(δAα)(X0,X1, · · · ,Xn) =
n∑
i=0
(−1)i(ρAXi)α(X0, · · · , X̂i, · · · ,Xn)
+
∑
i<j
(−1)i+jα([Xi,Xj ]A,X0, · · · , X̂i, · · · , X̂j , · · · ,Xn). (3)
A Lie bialgebroid [15, 14℄ is a pair of Lie algebroid strutures on A and its dual A∗ suh that
δA∗ is a derivation of the Gerstenhaber algebra (Γ(∧
•A),∧, [·, ·]A) or, equivalently, suh that
δA is a derivation of the Gerstenhaber algebra (Γ(∧
•A∗),∧, [·, ·]A∗). Sine the braket [·, ·]A∗
an be reovered from the derivation δA∗ , one is led to the following alternative denition.
Denition 2.4. A Lie bialgebroid is a pair (A, δ) onsisting of a Lie algebroid (A, [·, ·]A, ρA)
and a degree 1 derivation δ of the Gerstenhaber algebra (Γ(∧•A),∧, [·, ·]A) suh that δ
2 = 0.
More generally, we an speak about quasi-Lie bialgebroids [20, 9℄.
Denition 2.5 ([9℄). A quasi Lie bialgebroid is a triple (A, δ, φ) onsisting of a Lie algebroid
A, a degree 1 derivation δ of the Gerstenhaber algebra (Γ(∧•A),∧, [·, ·]A) and an element
φ ∈ Γ(∧3A) suh that δ2 = [φ, ·]A and δφ = 0.
The link between Courant, Lie bi- and quasi Lie bialgebroids is given by the following
Theorem 2.6 ([13, 20, 19℄). (i) There is a 1-1 orrespondene between Lie bialgebroids
and pairs of transversal Dira strutures in a Courant algebroid.
(ii) There is a 1-1 orrespondene between quasi Lie bialgebroids and Dira strutures with
transversal isotropi omplements in a Courant algebroid.
Proof. The proof of (i) an be found in [13℄, and (ii) was proved in [20, 19℄. Below we give an
expliit formula desribing suh a orrespondene, whih will be needed later.
Let (A, δ, φ) be a quasi Lie bialgebroid. Let ρA∗ : A
∗ → TM be the bundle map given by
ρA∗(ξ)(f) = ξ(δf), ∀ξ ∈ A
∗, ∀f ∈ C∞(M).
Introdue a braket on Γ(A∗) by
[ξ, η]A∗(X) = (ρA∗ξ)(ηX) − (ρA∗η)(ξX) − (δX)(ξ, η).
Note that (A∗, ρA∗ , [·, ·]A∗) is in general not a Lie algebroid. Let E = A
∗⊕A and ρ : E → TM
be the bundle map
ρ(ξ +X) = ρA∗(ξ) + ρA(X).
Dene a non-degenerate symmetri pairing on E by
〈ξ +X, η + Y 〉 = 12
(
ξ(Y ) + η(X)
)
,
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and a braket J·, ·K on Γ(E) by
JX,Y K = [X,Y ]A,
Jξ, ηK = [ξ, η]A∗ + φ(ξ, η, ·),
JX, ξK =
(
iXδA∗ξ +
1
2δA∗(ξX)
)
−
(
iξδAX +
1
2δA(ξX)
)
, (4)
for all X,Y ∈ Γ(A) and ξ, η ∈ Γ(A∗). Here δA∗ : Γ(∧
•A∗)→ Γ(∧•+1A∗) is the derivation given
by Eq. (3). Then (E, 〈·, ·〉, J·, ·K, ρ) is a Courant algebroid.
Conversely, assume that (E, 〈·, ·〉, J·, ·K, ρ) is a Courant algebroid, and A is a Dira struture
with an isotropi omplement B. The duality pairing
A⊗B → R : X ⊗ ξ 7→ 2〈ξ,X〉
identies B with A∗. Let φ be the element in Γ(∧3A) dened by
φ(ξ, η, ζ) = 2〈Jξ, ηK, ζ〉, ∀ξ, η, ζ ∈ Γ(B), (5)
ρB = ρ|B be the restrition of ρ to B and [·, ·]B be the braket on Γ(B) suh that
Jξ, ηK − [ξ, η]B ∈ Γ(A), ∀ξ, η ∈ Γ(B). (6)
Dene a derivation δ : Γ(∧•A)(∼= Γ(∧•B∗)) → Γ(∧•+1A)(∼= Γ(∧•+1B∗) as in Eq. (3). The
triple (A, δ, φ) beomes a quasi Lie bialgebroid.
3 Poisson quasi-Nijenhuis manifolds
Let M be a smooth manifold, pi a Poisson bivetor eld, and N : TM → TM a (1, 1)-tensor.
Denition 3.1 ([11℄). The bivetor eld pi and the tensor N are said to be ompatible [12℄
if
N ◦pi♯ = pi♯◦NT and CNπ♯ = 0, (7)
where
CNπ♯(α, β) := [α, β]Nπ♯ −
(
[NTα, β]π♯ + [α,N
Tβ]π♯ −N
T[α, β]π♯
)
and
[α, β]B := LBα(β)− LBβ(α)− d
(
β(Bα)
)
(8)
for all α, β ∈ Ω1(M) and any bundle map B : T ∗M → TM .
The (1, 1)-tensor N is said to have zero Nijenhuis torsion if
[NX,NY ]−N
(
[NX,Y ] + [X,NY ]−N [X,Y ]
)
= 0, ∀X,Y ∈ X(M).
In [17℄, Magri and Morosi dened Poisson Nijenhuis manifolds as triples (M,pi,N) suh that
pi and N are ompatible and the Nijenhuis torsion of N vanishes.
This denition is motivated by the following
Fat 3.2 ([12, 21℄). Assume that pi ∈ X2(M) is a Poisson tensor and N : TM → TM a
(1, 1)-tensor on M . The tensor piN dened by
piN (α, β) := β(Npi
♯α), ∀α, β ∈ Ω1(M)
is skew-symmetri if, and only if, N ◦pi♯ = pi◦♯NT . In this ase, we have
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(i) [pi, piN ] = 0 if C
N
π♯
= 0, and the onverse is true if pi is non-degenerate;
(ii) [piN , piN ] = 0 if, and only if, the Nijenhuis torsion of N vanishes.
Hene, any Poisson Nijenhuis manifold (M,pi,N) is endowed with a bi-Hamiltonian struture
(pi, piN ), i.e.
[pi, pi] = 0, [pi, piN ] = 0, [piN , piN ] = 0.
Similarly, one an dene Poisson quasi-Nijenhuis manifolds.
Let iN be the degree 0 derivation of (Ω
•(M),∧) dened by
(iNα)(X1, · · · ,Xp) =
p∑
i=1
α(X1, · · · , NXi, · · · ,Xp), ∀α ∈ Ω
p(M).
Denition 3.3. A Poisson quasi-Nijenhuis manifold is a quadruple (M,pi,N, φ), where pi ∈
X2(M) is a Poisson bivetor eld, N : TM → TM is a (1, 1)-tensor ompatible with pi, and φ
is a losed 3-form on M suh that
[NX,NY ]−N
(
[NX,Y ] + [X,NY ]−N [X,Y ]
)
= pi♯(iX∧Y φ), ∀X,Y ∈ X(M)
and iNφ is losed.
It is well known that, on a Poisson manifold (M,pi), the braket on Ω1(M) assoiated to the
bundle map pi♯ through Eq. (8) makes T ∗M into a Lie algebroid with anhor pi♯ : T ∗M → TM .
The usual otangent bundle will be denoted by (T ∗M)π when equipped with this Lie algebroid
struture. More preisely, we have the following
Fat 3.4 ([2℄). Let pi be a bivetor eld on M . Then [pi, pi] = 0 if, and only if, (T ∗M)π is a
Lie algebroid.
On the other hand, dening a braket [·, ·]N on X(M) by
[X,Y ]N = [NX,Y ] + [X,NY ]−N [X,Y ], ∀X,Y ∈ X(M)
as in [11℄, and onsidering N : TM → TM as an anhor map, we obtain a degree 1 derivation
dN of (Ω
•(M),∧) inspired by Eq. (3):
(dNα)(X0,X1, · · · ,Xn) =
n∑
i=0
(−1)i(NXi)α(X0, · · · , X̂i, · · · ,Xn)
+
∑
i<j
(−1)i+jα([Xi,Xj ]N ,X0, · · · , X̂i, · · · , X̂j , · · · ,Xn). (9)
Moreover, as proved in [11℄, we have the following identity
dN = [iN , d] = iN ◦d− d◦iN . (10)
The following proposition extends a result of Kosmann-Shwarzbah [11, Proposition 3.2℄.
Proposition 3.5. The quadruple (M,pi,N, φ) is a Poisson quasi-Nijenhuis manifold if, and
only if,
(
(T ∗M)π, dN , φ
)
is a quasi Lie bialgebroid and φ is a losed 3-form.
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This is an immediate onsequene of Fat 3.4 and the following two lemmas.
Lemma 3.6 ([11, Proposition 3.2℄). Assume that pi ∈ X2(M) is a Poisson tensor and
N : TM → TM a (1, 1)-tensor on M . The dierential dN is a derivation of the graded Lie
algebra (Ω•(M), [·, ·]π♯ ) if, and only if, pi and N are ompatible.
Lemma 3.7. Let (M,pi) be a Poisson manifold and N : TM → TM a (1, 1)-tensor ompatible
with pi♯. Then d2N = [φ, ·]π♯ if, and only if,
[NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ]) = pi♯(iX∧Y φ), ∀X,Y ∈ X(M)
and pi#◦(dφ)♭ = 0, where (dφ)♭ : ∧
3TM → T ∗M is the bundle map dened by (dφ)♭(u, v, w) =
iu∧v∧wdφ, ∀u, v, w ∈ TM .
Proof. It follows from an easy omputation that(
d2Nf − [φ, f ]π♯
)
(X,Y ) = (df)
(
[NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ])− pi♯(iX∧Y φ)
)
for all f ∈ C∞(M). Moreover, sine d◦dN + dN ◦d = 0, one has
d2N (df)− [φ, df ]π♯ = d(d
2
Nf)−
(
d[φ, f ]π♯ − [dφ, f ]π♯
)
= d(d2Nf − [φ, f ]π♯) + [dφ, f ]π♯ .
Hene, d2N − [φ, ·]π♯ vanishes on 0- and exat 1-forms if, and only if,
[NX,NY ]−N([NX,Y ] + [X,NY ]−N [X,Y ]) = pi♯(iX∧Y φ), ∀X,Y ∈ X(M)
and [dφ, f ]π♯ = 0, ∀f ∈ C
∞(M). The latter is easily seen to be equivalent to pi#◦(dφ)♭ = 0. And
in this ase, sine both d2N and [φ, ·]π♯ are derivations with respet to ∧, we get d
2
N = [φ, ·]π♯ .
As an immediate onsequene, we obtain the following result of Kosmann-Shwarzbah [11℄.
Corollary 3.8. The triple (M,pi,N) is a Poisson Nijenhuis manifold if, and only if, ((T ∗M)π, dN )
is a Lie bialgebroid.
We now turn our attention to the partiular ase where the Poisson bivetor eld pi is non-
degenerate. Together with Lemma 3.6, the following two lemmas give another proof of the
equivalene between the relation [pi, piN ] = 0 and the ompatibility ondition (7) when pi is
non-degenerate (see Fat 3.2).
Lemma 3.9. Assume that pi ∈ X2(M) is a Poisson tensor and N : TM → TM a (1, 1)-tensor
on M . Then piN is a bivetor eld suh that [pi, piN ] = 0 if, and only if, all the squares in the
following diagram ommute.
0 // C∞(M)
id

dN
// Ω1(M)
dN
//
π♯

Ω2(M)
dN
//
π♯

Ω3(M)
dN
//
π♯

· · ·
0 // C∞(M)
[πN ,·]
// X1(M)
[πN ,·]
// X2(M)
[πN ,·]
// X3(M)
[πN ,·]
// · · ·
(11)
Proof. We have pi♯NT = Npi♯ (i.e. piN is a bivetor eld) if, and only if, ∀f ∈ C
∞(M),
pi♯NTdf = Npi♯df
⇔ pi♯iNdf = pi
♯
Ndf
⇔ pi♯dNf = [piN , f ]. (12)
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And [piN , pi] = 0 is equivalent to
[piN , pi]
♯(df) = 0
⇔ [[piN , pi], f ] = 0
⇔ [[piN , f ], pi] + [piN , [pi, f ]] = 0
⇔ [pi♯Ndf, pi] + [piN , pi
♯df ] = 0
⇔ [pi, pi♯NTdf ] = [piN , pi
♯df ]
⇔ [pi, pi♯(iNdf)] = [piN , pi
♯df ]
⇔ pi♯d(iNdf) = [piN , pi
♯df ]
⇔ pi♯dN (df) = [piN , pi
♯df ] (13)
for all f ∈ C∞(M). Sine both pi♯◦dN and [piN , pi
♯(·)] are derivations of (Ω•(M),∧), the
equivalene follows from Eqs. (12)-(13).
Lemma 3.10. Assume that pi ∈ X2(M) is a non-degenerate Poisson tensor, and N : TM →
TM is a (1, 1)-tensor on M . If piN is a bivetor eld and Diagram (11) ommutes, then dN is
a derivation of [·, ·]π♯ .
Proof. Sine pi is Poisson, we have
pi♯[α, β]π♯ = [pi
♯α, pi♯β], ∀α, β ∈ Ω•(M).
Then, the Jaobi identity for the Shouten braket gives
[piN , pi
♯[α, β]π♯ ] = [[piN , pi
♯α], pi♯β] + [pi♯α, [piN , pi
♯β]],
whih an be rewritten as
pi♯dN
(
[α, β]π♯
)
= pi♯
(
[dNα, β]π♯ + [α, dNβ]π♯
)
sine pi♯◦dN = [piN , pi
♯(·)]. The onlusion follows from the invertibility of pi♯.
The previous lemmas are used to prove the following
Proposition 3.11. (i) Let (M,pi,N, φ) be a Poisson quasi-Nijenhuis manifold. Then,
[pi, piN ] = 0, (14)
and
[piN , piN ] = 2pi
♯(φ). (15)
(ii) Conversely, assume that pi ∈ X2(M) is a non-degenerate Poisson bivetor eld, N :
TM → TM is a (1, 1)-tensor and φ is a losed 3-form. If Eqs. (14)-(15) are satised,
then (M,pi,N, φ) is a Poisson quasi-Nijenhuis manifold.
Proof. (i) Fat 3.2 implies Eq. (14). By Proposition 3.5,
(
(T ∗M)π, dN , φ
)
is a quasi-Lie
bialgebroid. It is simple to see that its indued bivetor eld on M as in Proposition 4.8
of [9℄ is piN . From Proposition 4.8 of [9℄, it follows that [piN , piN ] = 2pi
♯(φ).
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(ii) Sine [pi, piN ] = 0, Lemma 3.9 implies that pi
♯
◦dN = [piN , pi
♯(·)] and Lemma 3.10 implies
that dN is a derivation of [·, ·]π♯ . Hene pi and N are ompatible by Lemma 3.6. Sine pi
is non-degenerate, we may apply (pi♯)−1 to Eq. (15). Then, making use of Lemma 3.9, we
get bak to d2N = [φ, ·]π♯ . Eq. (15) and the graded Jaobi identity yield [piN , pi
♯(φ)] = 0.
Applying (pi♯)−1, we get dNφ = 0.
Corollary 3.12. Let ω be a sympleti 2-form and φ a losed 3-form onM . Then (M,ω,N, φ)
is a sympleti quasi-Nijenhuis manifold if and only if
[ωN , ωN ] = 2φ and dωN = 0,
where [·, ·] stands for the Shouten braket on Ω•(M) indued from the Lie algebroid (T ∗M)π,
and ωN is the 2-form on M dened by
ωN (X,Y ) = ω(NX,Y ), ∀X,Y ∈ X(M).
Proof. It is well known that, when pi is non-degenerate, pi♯ is an isomorphism of dierential
Gerstenhaber algebras from (Ω•(M), d, [·, ·]) to (X•(M), [pi, ·], [·, ·]) [23, 10℄. The onlusion
thus follows immediately from Proposition 3.11 sine pi♯ωN = piN .
Remark 3.13. Poisson Nijenhuis strutures arise naturally in the study of integrable systems.
It would be interesting to nd appliations of Poisson quasi-Nijenhuis strutures in integrable
systems as well.
4 Universal lifting theorem
In this setion, we reall the universal lifting theorem and its basi ingredients, as it plays a
ruial role in the following setions. For details, see [9℄.
Let Γ⇒M be a Lie groupoid, A→M its Lie algebroid and Π ∈ Xk(Γ) a k-vetor eld on Γ.
Dene FΠ ∈ C
∞(T ∗Γ×Γ
(k). . . ×ΓT
∗Γ) by
FΠ(µ
1, . . . , µk) = Π(µ1, . . . , µk).
Denition 4.1. A k-vetor eld Π ∈ Xk(Γ) is multipliative if, and only if, FΠ is a 1-oyle
with respet to the groupoid T ∗Γ×Γ
(k). . . ×ΓT
∗Γ⇒ A∗×M
(k). . . ×MA
∗
.
Remark 4.2. It is simple to see that a bivetor eld Π is multipliative if, and only if, the
graph of the multipliation Λ ⊂ Γ× Γ× Γ is oisotropi with respet to Π⊕Π⊕ Π¯, where Π¯
denotes the opposite bivetor eld to Π.
Example 4.3. If P ∈ Γ(∧kA), then
−→
P −
←−
P is multipliative, where
−→
P and
←−
P denote,
respetively, the right and left invariant k-vetor elds on Γ orresponding to P .
By Xkmult(Γ) we denote the spae of all multipliative k-vetor elds on Γ. And Xmult(Γ) =⊕
k X
k
mult(Γ).
Proposition 4.4 ([9℄). The vetor spae Xmult(Γ) is losed under the Shouten braket, and
therefore is a graded Lie algebra.
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It is simple to show that for any given Π ∈ Xkmult(Γ) and any X ∈ Γ(∧
iA), the (k+i−1)-vetor
eld [
←−
X,Π] is always left invariant. Dene
←−−
δΠX ∈ Γ(∧
(k+i−1)A) by
←−−
δΠX = [
←−
X,Π].
Thus one obtains a linear operator δΠ : Γ(∧
iA) → Γ(∧(k+i−1)A). Here we use the following
onvention: Γ(∧0A) ∼= C∞(M) and for any f ∈ C∞(M),
←−
f = β∗f . One easily heks that the
following identities are satised
δΠ(P ∧Q) = (δΠP ) ∧Q+ (−1)
p(k−1)P ∧ δΠQ,
δΠ[P,Q] = [δΠP,Q] + (−1)
(p−1)(k−1)[P, δΠQ],
for all P ∈ Γ(∧pA) and Q ∈ Γ(∧qA). This leads to the following denition of k-dierentials.
Reall that for any Lie algebroid A→M , (Γ(∧•A),∧, [·, ·]) is a Gerstenhaber algebra [23℄.
Denition 4.5. A k-dierential on a Lie algebroid A is a degree (k − 1) derivation of the
Gerstenhaber algebra (Γ(∧•A),∧, [·, ·]). I.e. a linear operator
δ : Γ(∧•A)→ Γ(∧•+(k−1)A)
satisfying
δ(P ∧Q) = (δP ) ∧Q+ (−1)p(k−1)P ∧ δQ,
δ[P,Q] = [δP,Q] + (−1)(p−1)(k−1)[P, δQ],
for all P ∈ Γ(∧pA) and Q ∈ Γ(∧qA). The set of k-dierentials on A is denoted by Ak(A).
The spae of all multi-dierentials A(A) =
⊕
kA
k(A) beomes a graded Lie algebra when
endowed with the graded ommutator:
[δ1, δ2] = δ1◦δ2 − (−1)
(k−1)(l−1)δ2◦δ1, where δ1 ∈ A
k(A) and δ2 ∈ A
l(A).
Below is a list of basi examples.
Examples 4.6. (i) When A is a Lie algebra g, then k-dierentials are in one-one orre-
spondene with Lie algebra 1-oyles δ : g→ ∧kg with respet to the adjoint ation.
(ii) The 0-dierentials orrespond to setions φ ∈ Γ(A∗) suh that dAφ = 0, i.e. Lie algebroid
1-oyles with trivial oeients.
(iii) The 1-dierentials orrespond to the innitesimals of Lie algebroid automorphisms.
(iv) If P ∈ Γ(∧kA), then adP = [P, ·] is learly a k-dierential, whih is alled the oboundary
k-dierential assoiated to P .
(v) A Lie bialgebroid an be seen as a Lie algebroid together with a 2-dierential of square
zero. The onverse is also true.
>From the previous disussion, we know that there exists a linear map
X•mult(Γ)→ A
•(A) : Π 7→ δΠ,
whih is a Lie algebra homomorphism sine the graded Jaobi identity satised by the Shouten
braket implies that
[δΠ, δΠ′ ] = δ[Π,Π′]. (16)
Moreover, one has the following
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Universal Lifting Theorem ([9℄). Assume that Γ ⇒ M is a target-onneted and target-
simply onneted Lie groupoid with Lie algebroid A. Then
X•mult(Γ)→ A
•(A) : Π 7→ δΠ
is an isomorphism of graded Lie algebras.
5 Sympleti Nijenhuis groupoids
Denition 5.1. A sympleti Nijenhuis groupoid is a sympleti groupoid (Γ ⇒ M, ω˜)
equipped with a multipliative (1, 1)-tensor N˜ : TΓ→ TΓ suh that (Γ, ω˜, N˜) is a sympleti
Nijenhuis struture.
The main result of this setion is the following
Theorem 5.2. (i) The unit spae of a sympleti Nijenhuis groupoid is a Poisson Nijenhuis
manifold.
(ii) Every integrable Poisson Nijenhuis manifold is the unit spae of a unique target-onneted,
target-simply onneted sympleti Nijenhuis groupoid.
Here, by an integrable Poisson Nijenhuis manifold, we mean the orresponding Poisson stru-
ture is integrable, i.e. it admits an assoiated sympleti groupoid. See [5, 6℄ for the solution
of the integrability problem for Poisson manifolds and, more generally, Lie algebroids.
Reall that a Poisson Nijenhuis manifold (M,pi,N) gives rise to a Lie bialgebroid ((T ∗M)π, dN )
aording to Corollary 3.8. The following lemma gives a useful haraterization of those Lie
bialgebroids arising from Poisson Nijenhuis strutures.
Lemma 5.3. Let (M,pi) be a Poisson manifold. A Lie bialgebroid ((T ∗M)π, δ) is indued
by a Poisson Nijenhuis struture if and only if [δ, d] = 0, where d stands for the de Rham
dierential.
Proof. If (M,pi,N) is a Poisson Nijenhuis manifold, then dN = iN ◦d− d◦iN . Thus
[dN , d] = dN ◦d+ d◦dN = (iN ◦d− d◦iN )◦d+ d◦(iN ◦d− d◦iN ) = 0.
Conversely, given a Lie bialgebroid ((T ∗M)π, δ) suh that [δ, d] = 0, one obtains a Lie algebroid
struture on TM . Let N : TM → TM be its anhor map. Thus δ = dN : C
∞(M) → Ω1(M).
Sine [δ, d] = 0, we have ∀f ∈ C∞(M), δ(df) = −dδf = −ddNf = dN (df). It thus follows that
δ = dN on any dierential forms sine both δ and dN are derivations and they agree on 0-
and exat 1-forms. Aording to Corollary 3.8, it follows that (M,pi,N) is a Poisson Nijenhuis
manifold.
Proof of Theorem 5.2. (i) From sympleti Nijenhuis groupoids to Poisson Nijen-
huis manifolds. Assume that (Γ, ω˜, N˜) is a sympleti Nijenhuis groupoid. Let pi be
the bivetor eld on Γ whih is the inverse of ω˜ and pi
N˜
∈ X2(Γ) be the bivetor eld
dened by pi
♯
N˜
= N˜ ◦pi♯.
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• Sine [pi, pi] = 0, the indued bivetor eld pi = t∗pi on the base manifold of the
sympleti groupoid Γ ⇒ M is Poisson [22℄. The Lie algebroid of Γ → M is iso-
morphi to (T ∗M)π [2℄. And the multipliative bivetor eld pi orresponds to a
2-dierential on (T ∗M)π, whih is the de Rham dierential d. That is, ((T
∗M)π, d)
is the Lie bialgebroid orresponding to the sympleti groupoid (Γ, ω˜).
• As pointed out in Fat 3.2, pi
N˜
is a Poisson tensor on Γ [16, 12, 21℄. Moreover,
pi
N˜
is a multipliative bivetor eld sine N˜ is a multipliative (1, 1)-tensor and
pi is a multipliative bivetor eld. In other words, (Γ, pi
N˜
) is a Poisson groupoid
[14℄. Let δπ˜
N˜
: Ω•(M) → Ω•+1(M) be the 2-dierential on (T ∗M)π indued by
the multipliative Poisson bivetor eld pi
N˜
on Γ. Sine [pi
N˜
, pi
N˜
] = 0, the universal
lifting theorem implies that
0 = δ[π˜
N˜
,π˜
N˜
] = [δπ˜
N˜
, δπ˜
N˜
] = δπ˜
N˜
◦δπ˜
N˜
+ δπ˜
N˜
◦δπ˜
N˜
= 2δ2π˜
N˜
.
Thus, ((T ∗M)π, δπ˜
N˜
) is a Lie bialgebroid.
• Likewise, it is standard that [pi
N˜
, pi] = 0. Thus the universal lifting theorem implies
that [δπ˜
N˜
, d] = 0. Aording to Lemma 5.3, δπ˜
N˜
= dN for some Nijenhuis tensor N
on M and (M,pi,N) is a Poisson Nijenhuis manifold.
(ii) From Poisson Nijenhuis manifolds to sympleti Nijenhuis groupoids. Given
a Poisson Nijenhuis manifold (M,pi,N), then ((T ∗M)π, dN ) is a Lie bialgebroid by Corol-
lary 3.8. Assume that (T ∗M)π is integrable (see [5, 6℄ for the integrability ondition)
and (Γ⇒M, ω˜) is a target-onneted and target simply-onneted sympleti groupoid
of M . Sine d2N = 0 and [dN , d] = 0, the universal lifting theorem implies that dN orre-
sponds to a multipliative Poisson bivetor eld pi
N˜
on Γ suh that [pi
N˜
, pi] = 0, where pi
is the Poisson tensor on Γ inverse to ω˜. Let N˜ = pi♯
N˜
◦ω˜♭ : TΓ→ TΓ. Then it is lear that
N˜ is a multipliative (1, 1)-tensor, and (Γ, ω˜, N˜) is a sympleti Nijenhuis groupoid.
Sine these two onstrutions are inverse to eah other, the theorem is proved.
6 Sympleti quasi-Nijenhuis groupoids
The goal of this setion is to generalize Theorem 5.2 to the quasi-setting. More preisely, we
will give an integration theorem for Poisson quasi-Nijenhuis manifolds.
Denition 6.1. A sympleti quasi-Nijenhuis groupoid is a sympleti groupoid (Γ⇒M, ω˜)
equipped with a multipliative (1, 1)-tensor N˜ : TΓ → TΓ and a losed 3-form φ ∈ Ω3(M)
suh that
(
Γ, ω˜, N˜ , t∗φ− s∗φ
)
is a sympleti quasi-Nijenhuis struture.
The following result is a generalization of Theorem 5.2.
Theorem 6.2. (i) The unit spae of a sympleti quasi-Nijenhuis groupoid is a Poisson
quasi-Nijenhuis manifold.
(ii) Every integrable Poisson quasi-Nijenhuis manifold (M,pi,N, φ) is the unit spae of a
unique target-onneted and target-simply onneted sympleti quasi-Nijenhuis groupoid(
Γ⇒M, ω˜, N˜ , t∗φ− s∗φ
)
.
Proof. The proof is similar to that of Theorem 5.2, so we will merely sketh it.
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Assume that (M,pi,N, φ) is an integrable Poisson quasi-Nijenhuis manifold. Let Γ⇒M be a
target-onneted and target-simply onneted groupoid integrating the Lie algebroid (T ∗M)π.
By Proposition 3.5,
(
(T ∗M)π, dN , φ
)
is a quasi-Lie bialgebroid, whih integrates to a quasi-
Poisson groupoid by the universal lifting theorem. Let pi
N˜
∈ X(Γ) be the bivetor eld on Γ
orresponding to dN . Then we have
1
2 [piN˜ , piN˜ ] =
−→
φ −
←−
φ .
On the other hand, we know that Γ⇒M is a sympleti groupoid, whose orresponding Lie
bialgebroid is
(
(T ∗M)π, d
)
. The sympleti form on Γ is denoted by ω˜. Let pi ∈ X2(Γ) be its
orresponding Poisson tensor. Sine [dN , d] = 0, we have [piN˜ , pi] = 0 aording to the universal
lifting theorem. Let N˜ = pi♯
N˜
◦ω˜♭ : TΓ→ TΓ. Then it is lear that N˜ is a multipliative (1, 1)-
tensor. Sine
−→
φ −
←−
φ = pi♯(t∗φ−s∗φ), from Proposition 3.11, it follows that
(
Γ, ω˜, N˜ , t∗φ−s∗φ
)
is a sympleti quasi-Nijenhuis groupoid.
The other diretion an be proved by going bakwards.
Remark 6.3. Note that ω˜♭(piN˜ ) is a multipliative 2-form on Γ⇒M . It would be interesting
to see what is the orresponding Dira struture on M and how the integration result in [1℄
an be applied to this situation.
7 Generalized omplex strutures
This setion is devoted to the investigation of the relationship between generalized omplex
strutures and Poisson quasi-Nijenhuis strutures. Let us rst reall the denition of general-
ized omplex strutures [8, 7℄.
Denition 7.1. A generalized omplex struture on a manifold M is a bundle map
J : TM ⊕ T ∗M → TM ⊕ T ∗M
satisfying the algebrai properties
J2 = −I and 〈Jv, Jw〉 = 〈v,w〉 (17)
and the integrability ondition
LJv, JwM − Lv,wM − J(LJv,wM + Lv, JwM) = 0
∀v,w ∈ Γ(TM ⊕ T ∗M). Here 〈·, ·〉 and L·, ·M are the pairing and braket on the standard
Courant algebroid TM ⊕ T ∗M as in Example 2.2.
The rst two algebrai onditions (17) imply that J must be of the form
J =
(
N pi♯
σ♭ −N
∗
)
(18)
where pi ∈ X2(M) is a bivetor eld, σ ∈ Ω2(M) is a 2-form and N : TM → TM is a (1, 1)-
tensor. Here σ♭ : TM → T
∗M is the map given by (σ♭X)(Y ) = σ(X,Y ), ∀X,Y ∈ X(M).
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On the other hand, a Courant algebroid an be deformed using a bundle map J . More preisely,
let (E, 〈·, ·〉, J·, ·K, ρ) be a Courant algebroid over M and let
E
J
//

E

M
id
//M
be a vetor bundle automorphism of E →M . Consider
• the inner produt
〈A,B〉J = 〈JA, JB〉,
• the braket
JA,BKJ = JJA,BK + JA, JBK− JJA,BK (19)
• and the bundle map
ρJ = ρ◦J
indued by J .
A natural question is
Question 7.2. When is the quadruple (E, 〈·, ·〉J , J·, ·KJ , ρJ ) still a Courant algebroid?
The next proposition gives a trivial suient ondition.
Proposition 7.3. The quadruple (E, 〈·, ·〉J , J·, ·KJ , ρJ) is a Courant algebroid if
JJA, JBK + J2JA,BK− J
(
JJA,BK + JA, JBK
)
= 0, ∀A,B ∈ Γ(E).
Moreover, in this ase, J is a Courant algebroid isomorphism from (E, 〈·, ·〉J , J·, ·KJ , ρJ ) to
(E, 〈·, ·〉, J·, ·K, ρ).
We now give an answer to Question 7.2 in the speial ase of the standard Courant algebroid
TM ⊕ T ∗M , where J satises Eqs. (17), and is given by Eq. (18) .
Lemma 7.4. Assume that J : TM ⊕ T ∗M → TM ⊕ T ∗M is given by Eq. (18). Let L·, ·MJ
be the deformed braket on X(M) ⊕ Ω1(M) as in Eq. (19). Then, for all X,Y ∈ X(M) and
ξ, η ∈ Ω1(M), we have
Lξ, ηMJ = [ξ, η]π♯ (20)
LX,Y MJ = [X,Y ]N + (dσ)(X,Y, ·) (21)
LX, ξMJ =
(
[X,pi♯ξ]− pi♯(LXξ −
1
2d(ξX))
)
+
(
LNXξ − LX(N
T ξ) +NT (LXξ −
1
2d(ξX))
)
(22)
Proof. This follows from a straightforward omputation using Eqs. (2) and (19), and is left
for the reader.
Proposition 7.5. Let J : TM ⊕ T ∗M → TM ⊕ T ∗M be a bundle map whih satises
Eqs. (17), and is given by Eq. (18). Then (TM ⊕ T ∗M, 〈·, ·〉J , L·, ·MJ , ρJ ) is a Courant alge-
broid if, and only if, (M,pi,N, dσ) is a Poisson quasi-Nijenhuis manifold. And in this ase,
(TM⊕T ∗M, 〈·, ·〉J , L·, ·MJ , ρJ) is naturally identied with the double of the quasi-Lie bialgebroid(
(T ∗M)π, dN , dσ
)
.
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Proof. Assume that (TM⊕T ∗M, 〈·, ·〉J , L·, ·MJ , ρJ) is a Courant algebroid. It is lear that A :=
T ∗M and B := TM are transversal, maximal isotropi subbundles. By Eq. (20), A = T ∗M is
a Dira struture with the indued braket [·, ·]π♯ . Thus, aording to Theorem 2.6, we obtain a
quasi-Lie bialgebroid. The onstrution of the orresponding derivation δ of (Ω•(M),∧, [·, ·]π♯ )
and twisting 3-form φ was outlined in the proof of Theorem 2.6. In the present situation, we
have
ρB(X) = ρJ(X) = ρ(JX) = ρ(NX + σ♭X) = NX, ∀X ∈ TM
and, ombining Eqs. (21) and (6),
[X,Y ]B = [X,Y ]N , ∀X,Y ∈ X(M).
Therefore, omparing Eqs. (3) and (9), we onlude that δ = dN . And, ombining Eqs. (5)
and (21), we get
φ(X,Y,Z) = 2〈LX,Y MJ , Z〉J = 2〈JLX,Y MJ , JZ〉 = 2〈LX,Y MJ , Z〉
= 2〈[X,Y ]N + dσ(X,Y, ·), Z〉 = dσ(X,Y,Z), ∀X,Y,Z ∈ X(M).
Hene
(
(T ∗M)π, dN , dσ
)
is a quasi-Lie bialgebroid or, equivalently aording to Proposition
3.5, (M,pi,N, dσ) is a Poisson quasi-Nijenhuis manifold.
Conversely, assume that (M,pi,N, dσ) is a Poisson quasi-Nijenhuis manifold. By Proposition
3.5, ((T ∗M)π, dN , dσ) is a quasi-Lie bialgebroid. Its double E is a Courant algebroid. We will
show that E is indeed isomorphi to (TM ⊕T ∗M, 〈·, ·〉J , L·, ·MJ , ρJ ). First, it is simple to hek
that their anhors and non-degenerate symmetri pairings oinide. It remains to hek that
their brakets oinide. Aording to Eq. (4), the braket J·, ·K on Γ(E) is given by
Jξ, ηK = [ξ, η]π (23)
JX,Y K = [X,Y ]N + (dσ)(X,Y, ·) (24)
JX, ξK =
(
iXδTM ξ +
1
2δTM (ξX)
)
−
(
iξδT ∗MX +
1
2δT ∗M (ξX)
)
(25)
for all X,Y ∈ X(M) and ξ, η ∈ Ω1(M). In our ase, we have
δT ∗M = [pi, ·] and δTM = dN .
It follows from a straightforward veriation that the right hand sides of Eqs. (20)-(22) and
(23)-(25) oinide. Therefore, (TM⊕T ∗M, 〈·, ·〉J , L·, ·MJ , ρJ ) is indeed a Courant algebroid.
We are now ready to state the main result of this setion.
Theorem 7.6. Assume that J : TM ⊕T ∗M → TM ⊕T ∗M as given by Eq. (18) satises Eqs
(17). Then the following are equivalent
• J is a generalized omplex struture;
• (M,pi,N, dσ) is a Poisson quasi-Nijenhuis manifold suh that
(TM)N ⊕ (T
∗M)π
J
−→ TM ⊕ T ∗M
is a Courant algebroid isomorphism.
Here (TM)N ⊕ (T
∗M)π denotes the Courant algebroid orresponding to the quasi-Lie bialge-
broid ((T ∗M)π, dN , dσ).
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Proof. By Proposition 7.3, J is a generalized omplex struture if, and only if, (TM ⊕
T ∗M, 〈·, ·〉J , L·, ·MJ , ρJ) is a Courant algebroid and (TM ⊕ T
∗M, 〈·, ·〉J , L, MJ , ρJ)
J
−→ (TM ⊕
T ∗M, 〈·, ·〉, L·, ·M, ρ) is a Courant algebroid isomorphism. The result follows immediately from
Proposition 7.5.
Sine any generalized omplex struture naturally gives rise to a Poisson quasi-Nijenhuis man-
ifold, as an immediate onsequene of Theorem 6.2, we have the following
Theorem 7.7. Let J be a generalized omplex struture as given by Eq. (18), and (Γ⇒M, ω˜)
a target-onneted and target-simply onneted sympleti groupoid integrating (T ∗M)π. Then
there is a multipliative (1, 1)-tensor N˜ on Γ suh that (Γ ⇒ M, ω˜, N˜ , t∗dσ − s∗dσ) is a
sympleti quasi-Nijenhuis groupoid.
Remark 7.8. Note that Theorem 3.3-3.4 in [4℄ essentially imply our Theorem 7.7. Our proof is
oneptual, while Craini used a diret argument. It would be interesting to see how Theorem
3.4 (ii) in [4℄ an be proved oneptually.
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